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2-D COVARIANT AFFINE INTEGRAL QUANTIZATION(S)
JEAN PIERRE GAZEAU, TOMOI KOIDE, AND ROMAIN MURENZI
Abstract. Covariant affine integral quantization is studied and applied to the
motion of a particle in a punctured plane R2˚, for which the phase space is R
2
˚ˆR
2.
We examine the consequences of different quantizer operators built from weight
functions on R2˚ ˆ R
2. To illustrate the procedure, we examine two examples of
weights. The first one corresponds to 2-D coherent state families, while the second
one corresponds to the affine inversion in the punctured plane. The later yields
the usual canonical quantization and a quasi-probability distribution (2-D affine
Wigner function) which is real, marginal in both position q and momentum p.
Keywords: Integral quantization; Affine symmetry; Coherent states; Punctured
plane; Phase-space representations
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1. Introduction
It is known that canonical quantization can meet problems when the phase space
associated with the considered classical system has a non trivial geometry/topology,
e.g., periodic geometries [1], non-commutative geometries [2], or when some impass-
able boundaries are imposed. In this work we consider an elementary example of
this type, namely the phase space for the motion of a point particle in the punctured
plane R2˚ :“ tr P R2 , r ‰ 0u. With this example, we generalise the content of a pre-
vious article by two of the present authors [3]. The later was devoted to the covariant
affine integral quantization of the phase space for the motion of a point particle on
the open half-line R`˚ :“ tx P R , x ą 0u. We also extend the content of the more
recent [4] devoted to the non-inertial effect on the motion in the rotating plane, for
which we applied a particular case of the general procedure exposed here, namely the
2-D affine coherent state quantization.
The fact that the phase space in the 1-D case is the open half-plane, and that the
later has the group structure of affine transformations of the line, make natural the
choice of quantization respecting this affine symmetry instead of the Weyl-Heisenberg
symmetry. The latter is based on the translational symmetry of the plane. For a
particle moving in the punctured plane, the geometry of the phase space is R2˚ ˆ
R
2 and this manifold can also be equipped with a group structure which makes it
isomorphic to the similitude group SIMp2q in two dimensions, hence our interest
in exploring the corresponding covariant integral quantization. As is shown in the
present article, and similarly to the 1D-case, an important issue of our quantization
procedure is the regularisation of the singularity at the origin with the appearance
of an extra repulsive, centrifugal-like, potential „ 1{r2, r :“ }r}, in the quantum
version of the kinetic term p2, p :“ }p}, p being the momentum of the particle. This
term complements the kinetic operator ´∆ which would be obtained through the
standard (canonical) quantization, namely q ÞÑ Q, p ÞÑ P, with rQi, Pjs “ δij i~I,
and f pq,pq ÞÑ Symf pQ,Pq. Since with our method the strength of such a repulsive
potential can be adjusted at will, essential self-adjointness of the regularized quantum
kinetic term can be guaranteed as well, allowing to ignore boundary conditions and
to deal with a “unique physics" [5]. On the contrary, a simple application of the
canonical quantization cannot cure any kind of singularity present in the classical
model, and this drawback is often reflected in the non-essential self-adjointness of
some basic observables for the corresponding quantum model.
Let us present a more explicit discussion about this important point. Classical
physical examples of the punctured plane as a configuration space may be found
with the motion in a rotating plane (see the recent [4] and references therein) or, of
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course, in magnetism, where one of the most celebrated illustrations is the Aharonov-
Bohm model [6]. The physics of a magnetic flux in an infinitely thin solenoid (called
Aharonov-Bohm flux or Aharonov-Bohm vortex) has been investigated both from
theoretical and experimental points of view [6, 7, 8, 9]. To be more precise, let us
consider the motion of a charged particle, mass m, charge q, confined to a plane and
submitted to the action of the singular magnetic field Bprq “ Φ δprqkˆ “ ∇ ˆAprq
where A is the vector potential and kˆ is the unit vector perpendicular to the plane,
Φ is the magnetic flux through the infinitely thin solenoid, i.e. Φ “ ş
S
Bprq ¨ dS “ű
Aprq ¨ dr. Components of Aprq can be chosen as
(1.1) Ax “ ´ Φ
2π
y
r2
, Ay “ Φ
2π
x
r2
, r “ xˆı ` yˆ ,
where pˆı, ˆ, kˆq form a direct orthonormal frame. The Lagrangian [10] for the motion
of the particle in such a field is given by
(1.2) L “ 1
2
m 9r 2 ` q 9r ¨A{c .
The momentum conjugate to r is
(1.3) p “ BLB 9r “ m 9r` qA{c ,
which is not a gauge invariant quantity, as it is well known. On the other hand, the
mechanical momentum of the particle
(1.4) m 9r “ p´ qA{c ,
is gauge invariant and therefore has greater physical significance. The Hamiltonian
is given by
(1.5) H “ Hpr,pq “ p ¨ 9r´ L “ 1
2m
pp´ qA{cq2 .
With the expression (1.1) at hand, we write this Hamiltonian as the classical observ-
able
(1.6)
Hpq,pq “ 1
2m
pp´qA{cq2 “ 1
2m
p2´ q
mc
q ¨ p
q2
`
ˆ
qΦ
2πmc
˙2
1
q2
, q “ }q} , p “ }p} ,
where we have replaced r with q, a notation more common for phase space variables.
Due to the presence of the infinitely thin solenoid, the origin of the plane has to be
considered as a singularity, and the classical phase space is R2˚ˆR2 and not just R4.
That geometry is precisely that one for the similitude group in two dimensions.
The organisation of the paper is as follows.
In Section 2 we give a concise presentation of the method of covariant integral
quantisation in view of application to the main content of the paper where is in-
volved the 2-D affine group. In Section 3 we describe the main features of this group,
also named the similitude group of the plane and denoted by SIMp2q, and its unitary
irreducible representation U which is used in this paper for implementing the corre-
sponding integral quantisation. In Section 4 we build bounded self-adjoint operators
from weight functions defined on the phase space, i.e. on SIMp2q, through a kind of
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“2D-affine transform”, and establish a set of interesting properties, like integral ker-
nels, inverse 2D-affine transform, connection with affine coherent states, symmetry
inversion on the plane, etc. In Section 5 are given two basic examples of weight func-
tions and corresponding operators. In Section 6 we implement the covariant affine
integral quantisation from weights by setting general formulas for arbitrary functions
(or distributions) on the 2-D affine group SIMp2q and by making explicit the basic
operators corresponding to position, momentum, dilation in the punctured plane,
angular momentum, etc. Section 7 is devoted to what we name quantum phase space
portrait of the operator corresponding to a function on SIMp2q, which means a new
function on SIMp2q averaging the latter one through a trace operation. This gives
the key for interpreting within a probabilistic approach the covariant integral quanti-
sation in terms of a sort of an initial coarse-graining, encoded by the weight function,
on SIMp2q. In Section 8 we consider the specific integral quantization based on the
Inverse Affine Operator and its interesting quantum phase space portraits. In the
conclusion, Section 9, we mention some applications to quantum mechanics of the
results presented here and also interesting perspectives concerning the generalisation
of our approach to the N -D affine group.
In Appendix A we derive a useful formula for the Dirac distribution in the plane.
In Appendix B our quantisation method is implemented in the particular case where
we use the so-called 2-D affine coherent states (ACS), completing in this way the
technical content of [4].
2. Covariant integral quantizations
In this section, we give a short reminder of what we understand by “covariant
integral quantization". More details can be found in previous papers, like in the
recent [11]. To some extent, this procedure is related to the so-called Berezin-Toeplitz
quantization (see for instance the reviews [12, 13]).
Lie group representations [14] offer a wide range of possibilities for implementing
integral quantization(s). Let G be a Lie group with left Haar measure dµpgq, and let
g ÞÑ U pgq be a unitary irreducible representation (UIR) of G in a Hilbert space H.
Let us consider a bounded operator M on H and suppose that the operator defined
by the operator-valued integral
(2.1) R :“
ż
G
M pgq dµ pgq , M pgq :“ U pgqMU pgq: ,
is bounded in H. From the left invariance of dµpgq we have
(2.2) U pg0qRU : pg0q “
ż
G
M pg0gq dµ pgq “ R ,
so R commutes with all operators Upgq, g P G. Thus, from Schur’s Lemma, R “ cMI,
where cM is a constant which is supposed to be non zero. We also suppose that
there exists a unit trace non-negative operator („ density operator) ρ0 such that this
constant is given by the convergent integral
(2.3) cM “
ż
G
Tr pρ0M pgqq dµ pgq .
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Hence, the family of operators M pgq provides the resolution of the identity on H,
(2.4)
ż
G
M pgq dν pgq “ I, dν pgq :“ dµ pgq
cM
.
and the subsequent quantization of complex-valued functions (or distributions, if
well-defined) on G
(2.5) f ÞÑ Af “
ż
G
Mpgq fpgqdνpgq .
This operator-valued integral is understood in the weak sense, i.e., as the sesquilinear
form,
(2.6) Bf pφ1, φ2q “
ż
X
xφ1|Mpgq|φ2y fpgqdνpgq .
The form Bf is assumed to be defined on a dense subspace of H. If M is self-adjoint
and if f is real and at least semi-bounded, the Friedrichs extension [15, Thm. X.23]
of Bf univocally defines a self-adjoint operator. However, if f is not semi-bounded,
there is no natural choice of a self-adjoint operator associated with Bf . In this case,
we can consider directly the symmetric operator Af through its action and related
domain in the representation Hilbert space, enabling us to obtain a meaningful self-
adjoint extension (unique for particular operators).
The linear map (2.5), function ÞÑ operator in H, is covariant in the sense that
(2.7) UpgqAfUpgq: “ AUrpgqf .
In the case when f P L2pG,dµpgqq, the action pUrpgqfqpg1q :“ fpg´1g1q defines the
(left) regular representation of G. Thus, the original symmetry, as is exemplified by
the group structure and the arbitrariness in choosing any point in the group mani-
fold as representing the group identity, is preserved through the above quantisation
procedure.
The other face of integral quantization concerns a consistent analysis of the op-
erator Af , its semi-classical portrait. It is implemented through the study of the
so-called lower (Lieb) or covariant (Berezin) symbols. Suppose that M is a density
operator M “ ρ on H. Then the operators ρpgq are also density, and this allows to
build a new function qfpgq, called lower or covariant symbol, as
(2.8) qfpgq ” qAf :“ ż
G
Trpρpgq ρpg1qq fpg1qdνpg1q .
The map f ÞÑ qf is a generalization of the Berezin or heat kernel transform on G (see
[16] and references therein). Choosing for M a density operator ρ has multiple ad-
vantages, peculiarly in regard to probabilistic aspects both on classical and quantum
levels [17]. Finally, under reasonable conditions on ρ, we expect that the limit qf Ñ f
holds in a certain sense as some parameters like ~ and others tend to some “classical”
value.
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3. The similitude group SIMp2q (or 2-D affine group) and its
representation U
3.1. Phase space and 2-D affine group. As seen in Section 1, the space Γ ”
R
2˚ ˆ R2 “ tpq,pq |q P R2˚ , p P R2u can be viewed as the phase space of the (time)
evolution of a physical quantity such the position of a particle moving in the punc-
tured plane. It can be identified with the similitude group acting on the plane, also
called the 2D affine group, denoted SIMp2q. From now on, all considered quantities
have no physical dimension.
In the sequel, Cartesian coordinates of a vector x in R2˚ or R2 will be denoted as
x “ x1e1 ` x2e2.
The group SIMp2q is formed of translations by b P R2, dilations by a ą 0, and
rotations by θ P r0, 2πq mod p2πq. The action of an element pa, θ,bq of SIM(2) on
R
2 is given by:
(3.1) pa, θ,bqx “ aRpθqx` b ,
where Rpθq “
ˆ
cos θ ´ sin θ
sin θ cos θ
˙
is the rotation matrix in two dimensions acting on
the column vector x. The composition law reads as,
(3.2) pa, θ,bqpa1, θ1,b1q “ paa1, θ ` θ1, aRpθqb1 ` bq ,
and the inverse is given by
(3.3) pa, θ,bq´1 “
ˆ
1
a
,´θ,´Rp´θqb
a
˙
.
Our phase space notations pq,pq ” pa, θ,bq for the motion of a particle in the
punctured plane R2˚ “ tx P R2 |x ‰ 0u are introduced as
(3.4) q “ 1
a
, q “ pq, θq , b ” p ,
where pq, θq are polar coordinates for q.
Vectors as complex numbers. In the sequel, we consider vectors q and p as biuni-
vocally associated with the complex numbers zpqq “ qeiθ ” q and zppq ” p (same
notation) respectively, and 1 ” 1. Thus, the multiplication of 2 vectors reads as
(3.5) qq1 “ pq, θq pq1, θ1q “ pqq1, θ ` θ1q ,
(in polar coordinates, and understood mod 2π for the angular part), and for the
inverse,
(3.6) q´1 “
ˆ
1
q
,´θ
˙
.
The multiplication law for the SIMp2q group reads:
(3.7) pq,pqpq1,p1q “
ˆ
qq1,
p1
q˚
` p
˙
,
where q˚ “ pq,´θq ” z¯pqq and the inverse,
(3.8) pq,pq´1 “ `q´1,´q˚p˘ .
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Hence, SIMp2q is the semidirect product of the two abelian groups R`˚ ˆ SOp2q and
R
2:
(3.9) SIMp2q “ `R`˚ ˆ SOp2q˘ ˙ R2 „ C˚ ˙C .
The left invariant measure on the phase space R˚2 ˆ R2 is
(3.10) d2qd2p .
This can be proved easily,
(3.11) pq1,p1q “ pq0,p0qpq,pq “
ˆ
q0q,
p
q˚0
` p
˙
.
Now, d2q1 “ q20d2q and d2p1 “
d2p
q0
, and both d2q and d2p are rotationally invariant.
We also notice that
d2q
q2
is invariant under complex multiplication and inversion.
3.2. 2-D affine UIR. The 2-D affine group SIMp2q has one unitary irreducible rep-
resentation U . It is square integrable and this is the rationale behind continuous 2-D
wavelet analysis [18, 19, 20] in two dimensions. This representation is realized in the
Hilbert space H “ L2pR2˚,d2xq as
(3.12) pUpq,pqψqpxq “ e
ip¨x
q
ψ
ˆ
x
q
˙
.
Despite that H “ L2pR2˚,d2xq and L2pR2,d2xq are indistinguishable, we will
preferably use in the sequel the notation
ş
R2˚
dx in place of
ş
R2
dx when the inte-
gration variable lies in the punctured plane.
The most immediate (and well-known) orthonormal basis of H is that one which
is built from Laguerre polynomials and trigonometric functions,
epαqnmpxq :“
d
n!
2πpn ` αq! e
´x
2 x
α´1
2 Lpαqn pxqeimϕ ,(3.13) ż
R2˚
epαqnmpxq epαqn1m1pxqd2x “ δnn1δmm1 , n P N , m P Z , x “ }x} ,(3.14)
where α ą ´1 is a free parameter, and pn ` αq! “ Γpn ` α ` 1q. Actually, since we
wish to deal with functions which, with a certain number of their derivatives, vanish
at the origin, the parameter α should be imposed to be larger than some α0 ą 0.
The matrix elements U
pαq
nm,n1m1pq,pq :“ xepαqnm|Upq,pq|epαqn1m1y of the representation U
with respect to this basis have the elaborate expression given, for m1 ě m, in terms
of the integral involving Laguerre Polynomials and Bessel functions
U
pαq
nm,n1m1pq,pq “
i
m´m1 e´im1θ e´ipm´m1qψ
qpα`1q{2
d
n!n1!
pn` αq!pn1 ` αq!ˆ(3.15)
ˆ
ż 8
0
dx e
´
´
1
2
` 1
2q
¯
x
xα Lpαqn pxqLpαqn1
ˆ
x
q
˙
Jm1´mp´pxq ,
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where p “ pp, ψq. Note the relations Jm1´mp´pxq “ p´1qm1´mJm1´mppxq and
Jm1´mp´pxq “ p´1qm1´mJm´m1p´pxq if m1 ´m ă 0.
One easily verifies the unitarity
(3.16) U
pαq
nm,n1m1
`
q´1,´q˚p˘ “ ´U pαq:¯
nm,n1m1
pq,pq “ U pαqn1m1,nmpq,pq .
These matrix elements obey orthogonality relations for the SIMp2q group. Since
this group is not unimodular, there exists a positive self-adjoint and invertible oper-
ator CDM, named Duflo-Moore operator, such that [20] the relation
(3.17)
ż
Γ
d2qd2pxUpq,pqψ1|φ1y xUpq,pqψ2|φ2y “ xCDMψ1|CDMψ2yxφ2|φ1y ,
holds for any ψ1, ψ2, φ1, and φ2 in H.
It is defined as the multiplication operator
(3.18) CDMψpxq :“ 2π
x
ψpxq ” 2π
Q
ψpxq ,
where Qψpxq :“ xψpxq, with Qψpxq “ xψpxq, is the basic position operator with
the |xy “ δx’s as eigendistributions. Thus, the admissibility condition for ψ P H
amounts to
(3.19) }CDMψ}2 “ p2πq2
ż
R2˚
d2x
x2
|ψpxq|2 ă 8 ,
i.e.,
(3.20) ψ P L2pR2˚,d2xq X L2
ˆ
R
2
˚,
d2x
x2
˙
,
which implies that lim
xÑ0`
ψpxq “ 0. For the sequel, due to the non-unimodular nature
of SIMp2q, that operator CDM is expected to play an important rôle. A first important
and direct consequence of Eq (3.17) is the resolution of the identity in H:
(3.21)
1
}CDMψ}2
ż
Γ
dqdpUpq,pq|ψyxψ|U :pq,pq “ I .
satisfied by the family of 2-D affine coherent states (ACS)
(3.22) Upq,pq|ψy ” |ψq,py .
built from the admissible vector ψ through the unitary affine transport U .
Note that the equation (3.17) implies for the matrix elements the integral formula,
(3.23)ż
Γ
d2qd2pU
pαq
n1m1,n
1
1
m1
1
pq,pqU pαq
n2,m2,n
1
2
m1
2
pq,pq “ 4π2 δn1n2 δm1m2 xepαqn1
1
m1
1
|p1{Q2qepαq
n1
2
m1
2
y ,
which is valid for all α ą 0.
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Finally for a trace class operator A, we can use indifferently the 2D affine coherent
state decomposition of the identity (3.21) or the basis(3.13) for the computation
Tr pAq “ 1}CDMψ}2
ż
Γ
d2q1 d2p1xUpq1,p1qψ|AUpq1,p1q |ψy(3.24)
“
`8ÿ
n“0
`8ÿ
m“´8
xepαqnm|Aepαqnmy .(3.25)
4. Bounded self-adjoint operators from weight functions
A general method to get density or more general (symmetric) bounded operators
consists in proceeding with the following “SIMp2q transform". Let us choose like in
[21] (see also [22, 27, 28] for the Weyl-Heisenberg group, and [29] for the unit disk)
a (weight) function ̟pq,pq on the phase space Γ such that the integral
(4.1)
ż
Γ
C
´1
DMUpq,pqC´1DM̟pq,pqdqdp :“ M̟ ,
exists in the weak sense. In this article, we use the qualifier “weight” in a loose sense
because ̟ might assume negative values. The non-unimodularity of SIMp2q justifies
the double presence of the inverse of the Duflo-Moore operator, at the difference of
the situation one meets with the Weyl-Heisenberg group in [22]. Note that in the
case of the Heisenberg group, the operator M̟ is referred as the Fourier transform
of ̟ on the group, and this transform is invertible under some conditions [23, 24].
For other groups like semi-direct products see for instance [25, 26]. In our case, the
group manifold and the phase space coincide. Moreover, we will need throughout the
sequel extra assumptions like positiveness, finiteness, differentiability up to a certain
order, of the functions defined by the integrals
(4.2) Ωβpuq :“
ż
R2˚
d2q
qβ`2
p̟p pu,˘qq , Ωpuq :“ Ω0puq ,
where p̟ p is the partial 2-D Fourier transform of ̟ with respect to the variable p.
This transform is defined as
(4.3) p̟ ppq,xq “ 1
2π
ż
R2
d2pe´ip¨x̟pq,pq .
Hence, to start with a minimal set of reasonable properties of ̟, we impose the
following.
Assumption 4.1. (i) The function ̟pq,pq is C8 on Γ.
ii) It defines a tempered distribution with respect to the variable p for all q ‰ 0.
(iii) The operator M̟is defined by (4.1) as a self-adjoint bounded operator on H.
We now establish the nature of M̟ as an integral operator in H.
Proposition 4.1. With the assumptions 4.1, the action of M̟ on φ in H is given
in the form of the linear integral operator
(4.4) pM̟φqpxq “
ż
R2˚
M
̟px,x1qφpx1qd2x1 ,
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where the kernel M̟ is given by
(4.5) M̟px,x1q “ 1
2π
x2
x12
p̟p ´ x
x1
,´x
¯
.
Proof. It is sufficient to restrict the demonstration to the dense linear space C80 pR2˚q
of smooth functions with compact support in the punctured plane. Let φ1, φ2 in
C80 pR2˚q. We have from the action on the right of Upq,pq and of the Duflo-Moore
operators
xφ1|M̟|φ2y
“
ż
R2˚
d2q
ż
R2
d2p ̟pq,pqxφ1|C´1DMUpq,pqC´1DM|φ2y
“
ż
R2˚
d2q
ż
R2
d2p ̟pq,pq
ż
R2˚
d2x φ1pxq
`
C
´1
DMUpq,pqC´1DMφ2
˘ pxq
“
ż
R2˚
d2q
ż
R2
d2p ̟pq,pq
ż
R2˚
d2x φ1pxq x
2π
eip¨x
q
x
2πq
φ2
ˆ
x
q
˙
“ 1
2π
ż
R2˚
d2q
q2
ż
R2˚
d2xx2 φ1pxqφ2
ˆ
x
q
˙ p̟ppq,´xq
“
ż
R2˚
d2xφ1pxq
#
1
2π
ż
R2˚
d2q
q2
x2 φ2
ˆ
x
q
˙ p̟ppq,´xq
+
“
ż
R2˚
d2xφ1pxq
#ż
R2˚
d2x1 M̟px,x1qφ2px1q
+
, M̟px,x1q “ 1
2π
x2
x12
p̟ p ´ x
x1
,´x
¯
,
after changing the variable x{q ÞÑ x1, all permutations of integrals being legitimate
due to our assumptions on φ1, φ2, and ̟pq,pq. ˝
The self-adjointness assumption on M̟ entails the following symmetry of its inte-
gral kernel:
(4.6) M̟px,x1q “M̟px1,xq ,
and this allows us to establish a symmetry property on its corresponding function ̟.
Proposition 4.2. The function ̟pq,pq which defines the bounded self-adjoint M̟
obeys the following symmetry:
(4.7) ̟pq,pq “ 1
q2
̟ pq´1,´q˚pq .
Proof. Although (4.7) is a straightforward consequence of the integral representation
(4.1) of M̟ “ M̟:, and the inverse formula (3.8), let us derive it from the symmetry
property (4.6) of the integral kernel given by (4.5). Thus, we find that the function
̟ must satisfy
p̟ p ´ x
x1
,´x
¯
“ x
14
x4
p̟pˆx1
x
,´x1
˙
,
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and so, by a simple change of variables in the integral,ż
R2
d2p eip.x̟ pq,pq “
ż
R2
d2p eip.x
1
q2
̟ pq´1,´q˚ pq .
Hence, the equality (4.7) results from inverse Fourier transform. ˝
Let us now establish a necessary condition on ̟ to have a unit trace operator M̟.
Proposition 4.3. (i) We have the trace formula:
(4.8) Tr
`
C
´1
DMUpq,pqC´1DM
˘ “ δpq ´ 1qδppq ,
where δpxq :“ δpx1q δpx2q.
(ii) Suppose that the operator M̟ is unit trace class, TrpM̟q “ 1. Then its
corresponding function ̟pq,pq obeys
(4.9) ̟p1,0q “ 1 .
Proof. From the definition (4.1) of the operator M̟ the first step of the proof consists
in determining the trace of the operator C´1DMUpq,pqC´1DM. For that we use the (3.24)
with an admissible vector ψ. We have
Tr
`
C
´1
DMUpq,pqC´1DM
˘ “ 1}CDMψ}2
ż
Γ
d2q1 d2p1xψ|U :pq1,p1qC´1DMUpq,pqC´1DM Upq1,p1q |ψy
“ 1p2πq2q2}CDMψ}2
ż
R2˚
d2q1
q12
ż
R2˚
d2xx2 eip.x ψ
ˆ
x
q1
˙
ψ
ˆ
x
qq1
˙
ˆ
ˆ
ż
R2
d2p1 e´ip
1.x
´
q´1
q
¯
.
Integrating on p1 gives p2πq2δ
ˆ
x
q´ 1
q
˙
“ p2πq
2q2
x2
δpq ´ 1q, which allows to fix
q “ 1. Then the change of variable q1 ÞÑ y “ x
q1
allows to separate the two
remaining integrals. That one on |ψpyq|2{y2 yields }CDMψ}
2
p2πq2 . Finally,
Tr
`
C
´1
DMUpq,pqC´1DM
˘ “ δpq ´ 1qδppq .
Then,
TrpM̟q “
ż
Γ
Tr
`
C
´1
DMUpq,pqC´1DM
˘
̟pq,pqdqdp “ ̟p1,0q .
˝
Note that the condition (4.9) can be also written as a condition on the function
Ω´2.
(4.10) TrpM̟q “ 1
2π
ż
R2˚
d2x p̟pp1,´xq “ 1
2π
Ω´2p1q “ 1 .
We now present the inverse SIMp2q transform which allows to build the weight ̟
from the operator M̟.
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Proposition 4.4. Given the operator M̟ as defined in (4.1), and the action of M̟
on φ in H as given in the form of the integral operator
(4.11) pM̟φqpxq “
ż
R2˚
M
̟px,x1qφpx1qdx1 ,
where the kernel M̟ is given by
(4.12) M̟px,x1q “ 1
2π
x2
x12
p̟p ´ x
x1
,´x
¯
,
one retrieves the function ̟ through the following inversion formula:
(4.13) ̟pq,pq “ 1
q
Tr tUpq,pqM̟u .
Proof. From the definition (4.1) of M̟ and the assumption 4.1 one can permute trace
and integral to obtain
TrtUpq,pqM̟u “
ż
R2˚
d2q1
ż
R2
d2p1 Tr
 
Upq,pqC´1DM Upq1,p1qC´1DM
(
̟pq1,p1q .
One proves easily the commutation rule
(4.14) Tr
 
Upq,pqC´1DM
( “ 1
q
Tr
 
C´1DM Upq,pq
(
.
Hence, by using the above, the affine composition law (3.7) and the trace formula
(4.8),
TrtUpq,pqM̟u “ 1
q
ż
R2˚
d2q1
ż
R2
d2p1Tr
 
C´1DM Upq,pqUpq1,p1qC´1DM
(
̟pq1,p1q
“ 1
q
ż
R2˚
d2q1
ż
R2
d2p1Tr
"
C´1DM U
ˆ
qq1,
p1
q˚
` p
˙
C´1DM
*
̟pq1,p1q
“ 1
q
ż
R2˚
d2q1
ż
R2
d2p1 δ
`
qq1 ´ 1˘ δˆ p1
q˚
` p
˙
̟pq1,p1q .
From the formulas resulting from change of variables in Dirac delta distributions,
δ
`
qq1 ´ 1˘ “ 1
q2
δ
ˆ
q1 ´ 1
q
˙
, δ
ˆ
p1
q˚
` p
˙
“ q2δ `p1 ` q˚p˘ ,
we get
(4.15) TrtUpq,pqM̟u “ 1
q
̟
ˆ
1
q
,´q˚ p
˙
“ q ̟pq,pq ,
the last equality resulting from (4.7). ˝
5. Examples of weight functions and corresponding operators
We consider here two elementary examples of weights. The first one is derived from
2-D affine coherent states and the second one is derived from the so-called inversion
of operator.
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5.1. Weight related to a pure state. The function ̟ψ associated to the pure
state |ψyxψ| is given by the following proposition, whose proof is straighforward.
Proposition 5.1. The operator M̟ψ corresponding to the function
(5.1) ̟ψpq,pq “
xψpq,pq|ψy
q
.
is the pure state |ψyxψ| and vice-versa.
The partial Fourier transform of this function ̟ is given by
(5.2) p̟ψ,ppu,vq “ 2π 1
u2
ψp´vqψ
´
´v
u
¯
.
In particular, we have the following relations:p̟ψ,pp1,´xq “ 2π |ψpxq|2 , ̟ψp1,0q “ }ψ}2 ” 1 .(5.3)
The weight (5.1) satisfies (4.7) and (4.9), as expected. For the former property, we
can check:
1
q2
̟ψ
`
q´1,´q˚p˘ “ 1
q2
@
U
`
q´1,´q˚p˘ψ|ψD
q´1
“ xψ|Upq,pqψy
q
“ xUpq,pqψ|ψy
q
“ ̟ψpq,pq .
5.2. Weight related to the inversion in the punctured plane. Let us define
the unitary inversion operator I as
(5.4) pIφqpxq :“ 1
x2
φ
ˆ
1
x
˙
,
and the function ̟aW as yielding the operator
(5.5) M̟aW “ 2I ,
The factor 2 has been chosen in order to have TrrM̟aW s “ 1.
Proposition 5.2. The function ̟aW is given by:
(5.6) ̟aWpq,pq “ 2
q
TrrUpq,pqIs “ e
´ip¨?q
q
,
where
?
q :“ `?q, θ
2
˘
if q “ pq, θq, 0 ď θ ă 2π.
Proof. Let us prove Equation (5.6) by using (4.13) and (3.21) with an admissible ψ.
Tr pUpq,pqIq
“ 1}CDMψ}2
ż
R2˚
d2q1
ż
R2
d2p1xψq1p1 |Upq,pqI|ψq1p1y
“ 1}CDMψ}2
ż
R2˚
d2q1
ż
R2
d2p1
ż
R2˚
d2xψq1p1pxq
`
Upq,pqIψq1p1
˘ pxq
“ p2πq
2 q
}CDMψ}2
ż
R2˚
d2q1
q12
ż
R2˚
d2x
x2
ψ
ˆ
x
q1
˙
ψ
ˆ
q
q1x
˙
eip¨x δ
´
x´ q
x
¯
,
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where the appearance of the δ comes from the integration on the variable p1. By
using the following identity for the Dirac distribution on the punctured plane plane,
for which a proof is given in Appendix A, Eq. (A.11),
δ
´q
x
´ x
¯
“ 1
2
rδ px´?qq ` δ px`?qqs ,
where the second Dirac has to be taken into account solely if q “ pq, θq lies in its
second Riemann sheet, i.e., for 2π ď θ ă 4π. Thus,
Tr pUpq,pqIq “ p2πq
2
2 }CDMψ}2
ż
R2˚
d2q1
q12
ψ
ˆ?
q
q1
˙
ψ
ˆ?
q
q1
˙
eip¨
?
q “ 1
2
eip¨
?
q ,(5.7)
from the definition of CDM and after the last change q
1 ÞÑ q2 “
?
q
q1
, which yields
d2q1
q12
“ d
2q2
q22
. The equality (5.6) follows. ˝
The unitary operator I is nilpotent. From (5.7) with q “ 1 and p “ 0, one checks
again that its trace is
(5.8) TrpIq “ 1
2
.
Note that the two inverse Duflo-Moore operators appearing in the integral (4.1)
simplify to the factor 1{p2πq2 since 1{?Q I 1{?Q “ I . Section 8 is devoted to the
study of this important particular case.
6. Covariant affine integral quantization from weight function
6.1. General results. We now establish general formulas for the integral quantiza-
tion issued from a function ̟pq,pq on Γ » SIMp2q yielding the bounded self-adjoint
operator M̟ defined in (4.1). This allows us to build a family of operators obtained
from M̟ through the 2-D affine UIR transport:
(6.1) M̟pq,pq “ Upq,pqM̟U :pq,pq .
Then, the corresponding integral quantization (2.5) with G “ SIMp2q and M “ M̟
is given by:
(6.2) f ÞÑ A̟f “
ż
Γ
d2qd2p
cM̟
fpq,pqM̟pq,pq ,
where cM̟ has to be determined from the condition:
(6.3) A̟1 “ I .
As indicated in (2.6), the function or distribution f on Γ should allow to define the
operator-valued integral A̟f as the sesquilinear form,
(6.4) Bf pφ1, φ2q :“
ż
Γ
d2qd2p
cM̟
fpq,pq xφ1 |M̟pq,pq| φ2y ,
for all φ1, φ2 in the dense linear subspace C
8
0 pR2˚q.
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When it is defined in the above sense, the quantization map (6.2) is covariant with
respect to the unitary 2-D affine action U :
(6.5) Upq0,p0qA̟f U :pq0,p0q “ A̟Upq0,p0qf ,
with
(6.6) pUpq0,p0qfq pq,pq “ f
`pq0,p0q´1pq,pq˘ “ f ˆ q
q0
,q˚0pp´ p0q
˙
,
U being the left regular representation of the affine group when f P L2pΓ,d2qd2pq.
Let us now describe the A̟f as an integral operator in H if the function or distribution
f allows such a characterization.
Proposition 6.1. Besides the assumptions 4.1 on the function ̟pq,pq, let us sup-
pose that the function Ωβpuq defined in (4.2) obeys
(6.7) 0 ă Ω0p1q ă 8 ,
and that the function f defines A̟f as a quadratic form in the sense of (6.4). Then
the action of M̟ on φ in C80 pR2˚q is given in the form of the linear integral operator
(6.8) pA̟f φqpxq “
ż
R2˚
A
̟
f px,x1qφpx1qd2x1 ,
where the kernel A̟f is given by
A
̟
f px,x1q “
2π
cM̟
ż
R2˚
d2q
q2
M
̟
ˆ
x
q
,
x1
q
˙
fˆppq,x1 ´ xq(6.9)
“ 1
cM̟
x2
x12
ż
R2˚
d2q
q2
p̟pˆ x~x1 ,´q
˙
fˆp
ˆ
x
q
,x1 ´ x
˙
.(6.10)
Here fˆp is the partial Fourier transform of f with respect to the variable p as it was
defined in Eq. (4.3).
Proof. Let φ1, φ2 be two elements in the dense linear subspace C
8
0 pR2˚q. Supposing
that the expression xφ1|A̟f |φ2y makes sense as a quadratic form, we have from the
action of U :pq,pq on the right and of Upq,pq on the left,
xφ1|A̟f |φ2y
“
ż
R2˚
d2x φ1pxq
ż
Γ
d2qd2p
cM̟
fpq,pq `Upq,pqM̟U :pq,pqφ2˘ pxq
“
ż
R2˚
d2x φ1pxq
ż
R2˚
d2x1
ż
Γ
d2q d2p
cM̟
fpq,pq eip.x M̟
ˆ
x
q
,x1
˙
e´iq
˚p.x1φ2pq x1q
“ 1
2π
ż
R2˚
d2x φ1pxq
ż
R2˚
d2x1
ż
Γ
d2q d2p
cM̟
fpq,pq e´ip.pqx1´xq x
2
q2x12
p̟p ˆ x
qx1
,´x
q
˙
φ2pq x1q
“
ż
R2˚
d2x x2 φ1pxq
ż
R2˚
d2x1
x12
ż
R2˚
d2q
cM̟
1
q2
fˆppq,qx1 ´ xq p̟pˆ x
qx
,´x
q
˙
φ2pq x1q ,
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After the change of variable x1 Ñ x2 “ qx1 we get,
xφ1|A̟f |φ2y
“
ż
R2˚
d2x φ1pxq x2
ż
R2˚
d2x2
x22
φ2px2q 1
cM̟
ż
R2˚
d2q
q2
fˆppq,x2 ´ xq p̟pˆ x
x2
,´x
q
˙
”
ż
R2
˚
d2x φ1pxq
ż
R2
˚
d2x1A̟f
`
x,x1
˘
φ2px1q.
Therefore
A
̟
f px,x1q “
1
cM̟
x2
x12
ż
R2˚
d2q
q2
fˆppq,x1 ´ xq p̟pˆ x
x1
,´x
q
˙
,
and proceeding with qÑ q1 “ x
q
,
d2q
q2
“ dq
1
q12
, we have the alternative formula,
A
̟
f px,x1q “
1
cM̟
x2
x12
ż
R2˚
d2q
q2
p̟p ´ x
x1
,´q
¯
fˆp
ˆ
x
q
,x1 ´ x
˙
.
The constant cM̟ can be fixed by choosing fpq,pq “ 1, so fˆp
´
x
q
,x1 ´ x
¯
“ 2πδpx1´
xq, and then,
A
̟
1 px,x1q “
2π
cM̟
ż
R2˚
d2q
q2
p̟ p ´ x
x1
,´q
¯
δpx1 ´ xq ” δpx1 ´ xq ,
which gives,
(6.11) cM̟ “ 2π
ż
R2˚
d2q
q2
p̟p p1,´qq ” 2πΩ0p1q ă 8 ,
which justifies (6.7). ˝
6.2. Quantization examples.
6.2.1. Position dependent functions f . Suppose that f does not depend on p, fpq,pq ”
upqq. From
fˆppq,x1 ´ xq “ 2π upqq δpx1 ´ xq ,
and after integration one obtains for (6.9)
A
̟
upqqpx,x1q “
4π2
cM̟
δpx ´ x1q
ż
R2˚
d2y
y2
M
̟
ˆ
x
y
,
x
y
˙
upyq
“ 4π
2
cM̟
δpx ´ x1q
ż
R2˚
d2y
y2
M
̟ py,yq u
ˆ
x
y
˙
.(6.12)
Thus, the quantum version of the function upqq is the multiplication operator
(6.13)
A̟upqq “
4π2
cM̟
ż
R2˚
d2y
y2
M
̟ py,yq u
ˆ
Q
y
˙
“ 2π
cM̟
ż
R2˚
d2y
y2
p̟pp1,´yquˆQ
y
˙
.
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This can be viewed as a convolution, on the multiplicative group R2˚ “ R`˚ ˆ SOp2q,
of the function upxq with 2π
cM̟
p̟pp1,´xq followed by the replacement x ÞÑ Q. This
2D-affine convolution product is defined by
(6.14) pf1 ˚aff f2qpxq “
ż
R2˚
d2x1
x12
f1px1qf2
´
x
x1
¯
.
With this notation, we write the result as
(6.15) Aupqqφpxq “
1
cM̟
pw ˚aff uqpxqφpxq ,
where wpxq “ p̟pp1,´xq.
Some interesting particular cases occur here:
(1) upqq is a simple power of q, say upqq “ qβ. Then we have
(6.16) A̟
qβ
“ 2π
cM̟
ż
R2˚
d2y
y2`β
p̟ pp1,´yqQβ “ Ωβp1q
Ω0p1q Q
β ,
together with necessary conditions of convergence for the integral Ωβp1q.
(2) upqq “ q stands for the classical vector position in the plane, Ωp2,0,1qp1q “ 0,
A̟q “
2π
cM̟
ż
R2˚
d2y
y2
p̟pp1,´yq Q
y
(6.17)
“ 2π
cM̟
ż
R2˚
d2y
y4
p̟pp1,´yq py ¨Q,y ˆQq
“ 2π
cM̟
pΩp2,1,0qp1qQ1 ` Ωp2,0,1qp1qQ2,Ωp2,1,0qp1qQ2 ´ Ωp2,0,1qp1qQ1q
“ 2π
cM̟
ˆ
Ωp2,1,0qp1q Ωp2,0,1qp1q
´Ωp2,0,1qp1q Ωp2,1,0qp1q
˙ˆ
Q1
Q2
˙
,
where we have generalized the notation (4.2) for the following integrals
(6.18) Ωβ,ν1,ν2puq :“
ż
R2˚
d2y
yβ`2
p̟ p pu,´yq yν11 yν22 , Ωβ,0,0puq ” Ωβpuq ,
with y “
ˆ
y1
y2
˙
.
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6.2.2. Separable functions f . Suppose that f is separable, i.e., fpq,pq ” upqq vppq.
The formula (6.10) simplifies to
A
̟
upqqvppqpx,x1q(6.19)
“ 1
cM̟
x2
x12
ż
R2˚
d2q
q2
vˆpx1 ´ xq p̟p ´ x
x1
,´q
¯
u
ˆ
x
q
˙
.
“ 1
cM̟
vˆpx1 ´ xq x
2
x12
ż
R2˚
d2q
q2
p̟p ´ x
x1
,´q
¯
u
ˆ
x
q
˙
.
“ 1
cM̟
vˆpx1 ´ xq x
2
x12
´ p̟p ´ x
x1
,´.
¯
˚aff u
¯
pxq ,
where the dot inside parenthesis stands for the integration variable in the affine
convolution product, and vˆ is the Fourier transform of v.
In particular, if vppq “ pnii , i=1 or 2,
(6.20) vˆpyq “ 1
2π
ż
R2˚
d2x e´iy¨xxni “ 2π p´iqn
Bn
Byni
δpyq “ 2π piqnδpy3´iq B
n
Byni
δpyiq .
Hence,
A
̟
upqq pni “
i
n 2π
ccM̟
x2
x12
δpx13´i ´ x3´iq δpniqx1i px
1
i ´ xiq x
2
x12
´ p̟p ´ x
x1
,´.
¯
˚aff u
¯
pxq .
(6.21)
Applying the corresponding operator on φ P C8 `R2˚˘ yields the expansion in powers
of the operator Pi “ ´iB{Bxi:
(6.22)
Aupqqpni φpxq “
2πQ2
cM̟
nÿ
s“0
ˆ
s
n
˙
p´iqn´s B
n´s
Bx1in´s
„
1
x12
ˆp̟ pˆQ
x1
,´.
˙
˚aff u
˙
pQq

x1“Q
P si φpxq .
For the lowest powers s, this formula particularizes as follows.
(1) fpq,pq “ upqqp
Aupqqp “
2π
cM̟
p p̟pp1,´¨q ˚aff uqpQqP`
` 4πi
cM̟
1
Q˚
p p̟pp1,´¨q ˚aff uqpQq ` 2πi
cM̟
1
Q˚
pp∇ p̟ pqp1,´¨q ˚aff uqpQq .
(6.23)
(2) For upQq “ 1, that is, fpq,pq “ p, then the previous one simplifies to
(6.24) Ap “ P` i
Q˚
˜
2` Ω
p1q
0 p1q
Ω0p1q
¸
,
where we have introduced another family of integrals:
(6.25) Ω
p1q
β pxq “
ż
R2˚
d2q
q2`β
p∇ p̟ pqpx,´qq .
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(3) For upQq “ 1 and fpq,pq “ p 2 (kinetic energy), (6.22) yields:
(6.26) Ap 2 “ P2`2i
«
2` e1 ¨Ω
p1q
0 p1q
Ω0p1q
ff
Q
Q2
¨P´
«
4` 4e1 ¨Ω
p1q
0 p1q
Ω0p1q `
Ω
p2q
0 p1q
Ω0p1q
ff
1
Q2
,
where the new family of integrals appears:
(6.27) Ω
p2q
β pxq “
ż
R2˚
d2q
q2`β
p∇ ¨∇ p̟pqpx,´qq .
(4) fpq,pq “ q ¨ p “ q1p1 ` q2p2 (generator of dilations in the plane).
By introducing the family of integrals
Ω
p1q
pβ,ν1,ν2qpxq “
ż
R2˚
d2q
q2`β
p∇ p̟ pqpx,´qqq1ν1 qν22 ,(6.28)
and using(6.18), we get:
Aq¨p “ 2π
cM̟
´
Ωp2,1,0qp1qpQ ¨P` 2iq ` Ωp2,0,1qQˆP` ipΩp1qp2,1,0qp1q ¨ e1 ´Ω
p1q
p2,0,1qp1q ¨ e2q
¯
.
(6.29)
(5) fpq,pq “ qˆ p “ q1p2 ´ q2p1 (angular momentum).
The result is given in terms of the integrals (6.18) and (6.28) as
(6.30)
Aqˆp “ 2π
cM̟
´
Ω2,1,0p1qQ ˆP`Ω2,0,1pQ ¨P` 2iq ´ ipΩp1qp2,0,1qp1q ¨ e1 `Ω
p1q
p2,1,0qp1q ¨ e2q
¯
.
Simplified expressions for the above formulas are always possible with a suitable
choice of the weight function ̟.
7. Quantum phase space portraits
Given a function ̟pq,pq on the phase space Γ and yielding a self-adjoint unit
trace operator M̟, the quantum phase space portrait of an operator A in H reads
as
(7.1) qApq,pq :“ Tr `AUpq,pqM̟ U :pq,pq˘ “ Tr pAM̟pq,pqq .
The most interesting aspect of this notion in terms of probabilistic interpretation
holds when the operator A is precisely the affine integral quantized version Af of a
classical fpq, pq with the same function ̟ (actually we could define the transform
with 2 different ones, one for the “analysis” and the other for the “reconstruction”).
Then, we get the transform of the type (2.8)
fpq,pq ÞÑ qfpq,pq ” Aˇ̟f pq,pq
“
ż
Γ
d2q1 d2p1
cM̟
f
ˆ
qq1,
p1
q
` p
˙
Tr
`
M
̟pq1,p1qM̟˘ .(7.2)
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This expression (which can be viewed as a convolution on SIMp2q) has the meaning
of an averaging of the classical f if the function
pq,pq ÞÑ 1
cM̟
Tr pM̟pq,pqM̟q ,(7.3)
is a true probability distribution on Γ, i.e. is positive since we know from the reso-
lution of the identity that its integral is 1. In fact, this is a kind of Husimi function
[30]. The expression of Tr pM̟pq,pqM̟q is easily derived from the kernel expression
(4.5) and reads as
(7.4)
Tr pM̟pq,pqM̟q “ 1p2πq2q2
ż
R2
˚
d2x
ż
R2
˚
d2y eip.px´yq p̟ pˆx
y
,´x
q
˙ p̟ p ´y
x
,´y
¯
.
Integrating this expression on Γ with the measure
d2qd2p
cM̟
and using (4.10) (i.e.,
Ω´2{2π “ TrpM̟q “ 1) and (6.11), we get 1, which means that q1 “ 1, as expected.
For instance, one easily shows that, for the coherent state weight with respect to
the fiducial vector ψ (5.1), we have Tr pM̟ψpq,pqM̟ψ q “ |xUpq,pqψ|ψy|2.
The lower symbol of a function fpq,pq ” upqq is a function of q only.
(7.5) qupqq “ ż
R2˚
d2x
cM̟
p̟pp1,xq p p̟pp1, ¨q ˚aff uq pqxq .
It is expected more regular. Note the two marginal integrations allowing the respec-
tive distributions on R2˚ and R2:
q ÞÑ
ż
R2
d2p
cM̟
Tr pM̟pq,pqM̟q “ 1
cM̟
ż
R2˚
d2x p̟pp1,xq p̟pp1,qxq(7.6)
“ 1
cM̟
ż
R2
d2k̟p1,kq̟p1,´q˚ kq ,(7.7)
and,
p ÞÑ
ż
R2˚
d2q
cM̟
Tr pM̟pq,pqM̟q
“ ´ 1
2πcM̟
ż
R2˚
d2xΩpxq∆u
„
̟
ˆ
1
x
,u
˙
u“p1´x˚qp
,
(7.8)
where Ωpxq is defined in (4.2).
8. Quantization and semi-classical portrait through the inversion
map
In this section we investigate the integral quantization and the subsequent semi-
classical portrait yielded by the operator M̟aW “ 2I introduced in (5.5), where
I is the unitary inversion operator defined on L2pR2,d2xq as it was introduced in
Eq. (5.4).
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8.1. Quantization through the inversion map.
Proposition 8.1. The integral kernel (6.10) of the operator which is the quantization
of the function fpq,pq through the function ̟aW given in (5.6) has the following
expression,
(8.1) A̟aWf px,x1q “
1
2π
pfp ´?xx1,x1 ´ x¯ .
Proof. The computation of the partial Fourier transform of the function ̟aWpq,pq “
e´ip¨
?
q
q
yields
p̟aW ;p ´ x
x1
,´q
¯
“ 2π
q
δ
ˆ
q´
c
x
x1
˙
.
It follows for the integral Ωpuq defined by (4.2) and the constant (6.11) the simple
values
(8.2) Ωpuq “ 2π
u
, cM̟aW “ p2πq2 .
and so for the kernel (6.10),
A
̟aW
f px,x1q “
1
2π
pfp ´?xx1,x1 ´ x¯ .
˝
We derive from Proposition 8.1 the following interesting results holding for this
particular type of integral quantization.
Proposition 8.2. (i) The quantization of a function of q, fpq,pq “ upqq pro-
vided by the weight ̟aW is upQq.
(ii) Similarly, the quantization of a function of p, fpq,pq “ vppq, provided by
the weight ̟aW is vpPq (in the general sense of pseudo-differential operators
yielded by the Fourier transform of tempered distributions),
(8.3)
´
A
̟aW
vppq ψ
¯
pxq “ 1
2π
ż
R2
d2p eip¨x vppq pφppq .
(iii) More generally, the quantization of a separable function fpq,pq “ upqq vppq
provided by the weight ̟aW is the integral operator
(8.4)
´
A
̟aW
upqqvppq ψ
¯
pxq “ 1
4π
ż
R2˚
d2 x1 pvpx1 ´ xqu´?xx1¯ ψpx1q .
(iv) In particular, the quantization of upqq pnl , l “ 1, 2,, n P N, yields the symmet-
ric operator,
(8.5) A̟aW
upqqpn
l
“
nÿ
k“0
ˆ
n
k
˙
p´iqn´kBpn´kq
x1
l
”
u
´?
xx1
¯ı
x“x1“Q
P kl ,
and for the dilation,
(8.6) A̟aWq¨p “ D .
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Proof. The proof is made through a direct application of Eq. (8.1) and application
of elementary distribution theory. ˝
Therefore, this affine integral quantization is the exact counterpart of the Weyl-
Wigner integral quantization [22] and can be termed as canonical as well. However,
the choice of such a procedure would lead to three difficulties, at least,
(1) Since the quantization of the kinetic energy of the free particle on the punc-
tured plane is just
(8.7) A̟aW
p 2
“ P2 ,
and thus does not produce an essentially self-adjoint operator, the correspond-
ing quantum dynamics depends on boundary conditions at the origin x “ 0.
There exists an irreducible ambiguity since different physics are possible on
the quantum level.
(2) No classical singularity is cured on the quantum level since
(8.8) A̟aW
upqq “ upQq , A̟aWvppq “ vpPq ,
a feature of the Weyl-Wigner integral quantization as well.
(3) The semi-classical portraits of quantum operators along Eqs. (7.1) and (7.2)
cannot be given a probabilistic interpretation, a feature of the Weyl-Wigner
integral quantization as well.
The last point is developed below for rank-one operators |φyxφ|, i.e. pure states.
8.2. AffineWigner-like quasi-probability. The affineWigner-like quasi-probability
AWφ corresponding to the state φ is the application of the general expression (7.1)
to the projector |φyxφ|:
(8.9) AWφpq,pq :“ xφ|M̟aW pq,pq|φy “ 2
ż
R2
˚
d2xφ pxq eip¨
ˆ
x´q 2
x
˙
q2
x2
φ
ˆ
q 2
x
˙
.
Proposition 8.3. Let us consider a unit norm vector φ P L2pR2˚,d2xqXL1pR2˚,d2xq
and the corresponding quasi-probability distribution AWφpq,pq. The latter verifies
the following properties.
(i) It is real
(8.10) AWφpq,pq “ AWφpq,pq .
(ii) It is a quasi-probability,
(8.11)
ż
Γ
d2q d2p
p2πq2 AWφpq,pq “ 1 .
(iii) It satisfies the correct marginalization with respect to variables q and p re-
spectively,ż
R2˚
d2q
4π2
AWφpq,pq “ |φˆppq|2 , φˆppq “ 1
2π
ż
R2˚
d2q e´ip¨q φpqq ,(8.12)
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R2
d2p
4π2
AWφpq,pq “ |φpqq|2 .(8.13)
Proof. (i) and (ii) are direct consequences of the fact that operator is self-adjoint
and unit trace. (iii) results from elementary integral calculus on (8.9) with changes
of variable and Fourier transforms in the plane. Fubini applies due to the assumption
that φ P L1pR2,d2xq, and ż
R2˚
d2q |AWφpq,pq| ď }φ}2L1 .
˝
Note that the marginal (8.13) reflects the existence of the singularity at the origin
of the punctured plane.
8.3. Semi-classical portrait with affine Wigner weight. For the affine Wigner
weight (5.6) the formula (7.4) is not really manageable. The direct calculation start-
ing from (3.24) yields:
(8.14) Tr pM̟aW pq,pqM̟aW q “ δpq ´ 1q
ż
R2
˚
d2x
x2
eip¨px´ 1xq ,
where the remaining divergent integral should be understood after regularisation as
a distribution
We derive from (7.2) and (8.14) the semi-classical portrait of the operator A̟aWf
reads as the integral transform:
(8.15) qfpq,pq “ 1
π
ż
R2˚
d2x
x2
eip¨px´ 1xq pfpˆq,x´ 1
x
˙
.
In particular, the semi-classical portrait or lower symbol of the quantization of a
function of q alone, fpq,pq “ upqq, is this function:
(8.16) qupqq “ upqq .
On the other hand, we get for a function of p alone, fpq,pq “ vppq:
(8.17) qvppq “ 1
π
ż
R2˚
d2x
x2
eip¨px´ 1xq pvˆx´ 1
x
˙
“ vppq .
9. Conclusion
In this paper we have explored the possibilities offered by the 2-D affine covariant
integral quantization beyond the cases of the open half-line [3] and affine coherent
states. The latter was considered in [4] and is reviewed in Appendix B. Such a gener-
alization enables us to apply the integral quantization of the motion of a point particle
in the punctured plane R2˚, a case for which the standard Weyl-Heisenberg approach
might be viewed as not appropriate. The corresponding position-momentum phase
space is the manifold R2˚ ˆ R2 whose the group structure makes it isomorphic to
SIMp2q. Hence, the central objects are the affine group SIMp2q, the weight func-
tion ̟pq,pq defined on R2˚ ˆ R2 „ SIMp2q and its partial Fourier transform with
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respect to the momentum variable p. This 2-D affine quantization is implemented
on functions (or distributions) on the phase space R2˚ ˆ R2.
In our opinion, the most attractive meaning to be given to the weight function lies
in its partial Fourier transform through its appearance in the semi-classical expression
(7.4). In the case of the Weyl-Heisenberg integral quantization [28], an interpretation
was given in terms of probability distribution for the difference of two vectors in
the phase plane, viewed as independent random variables. It would be interesting
to find a similar interpretation in terms of probability distribution for the product
pq,pq pq1,p1q´1 of two group elements of SIMp2q also viewed as independent random
variables.
In our approach, semi-classical portraits are defined in a systematic manner and
then the quasi-probability distributions can be generalized in a unified procedure
reproducing the well-known Wigner and Husimi functions. Moreover, we can inves-
tigate the modification of the quasi-distributions by the influence of the non-trivial
geometry in the phase space.
In a parent paper, we will consider some applications of the above formalism to
the dynamics of physical systems for which the origin of the configuration space is
forbidden, like we have for the Aharonov-Bohm model sketched in the introduction,
or the rotating frame. Indeed, through a suitable choice of the weight function, our
procedure allows to regularise on the quantum level the origin of the punctured plane
viewed as a classical singularity, e.g., see the related discussion following Eq. (B.12).
On the mathematical side, we may extend our quantisation procedure for affine
symmetries to higher dimensions. In n dimensions, the group SIMpnq is the semidirect
product
(9.1) SIMpnq “ `R`˚ ˆ SOpnq˘ ˙Rn .
The corresponding phase space is the left coset
(9.2) SIMpnqzSOpn´ 1q » `R`˚ ˆ Sn´1˘ˆ Rn » Rn˚ ˆ Rn .
The application of the integral quantization based on a notion of square-integrability
of UIR of a group with respect to a subgroup (see [20] and references therein) can
be adapted to the above situation to produce regularizing quantizations from weight
functions on (9.2) akin to the content of the present work. We notice that the only
cases for which the manifold (9.2) is also a group are for n “ 1, n “ 2, and n “ 4.
The latter case reads as
(9.3) SIMp4qzSOp3q » `R`˚ ˆ S3˘˙R4 “ H˚ ˙H .
where H is the quaternion field. Composition law and inverse for this group are given
by:
(9.4) pq,pqpq1,p1q “ `qq1,q´1p1 ` p˘ , pq,pq´1 “ `q´1,´qp˘ ,
where q is the quaternionic conjugate of q.
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Appendix A. A 2D-Dirac formula
We start by calculating the following Fourier transform in the distribution sense.
On one hand we have
(A.1)
ż
R2
d2p eip¨pqx´xq “ 4π2δ
´
q
x
´ x
¯
.
Alternatively, we first change the argument of the exponential as
(A.2) p ¨
´q
x
´ x
¯
“ p ¨ q
x
´ p ¨ x “ p
x˚
¨ q´ p ¨ x “ Rpθqp
x
¨ q´ p ¨ x ,
with x “ px, θq. Now we change
(A.3) p1 “ Rpθqp
x
, d2p1 “ d
2p
x2
,
to obtain finally
(A.4)
ż
R2
d2p eip¨pqx´xq “ x2
ż
R2
d2p1 eip
1¨pq´x2q “ 4π2x2δ `q´ x2˘ .
Thus
(A.5) δ
´q
x
´ x
¯
“ x2δ `x2 ´ q˘ .
Now, we must be cautious with square roots of q as they appear above as roots of
x2 ´ q “ 0. We should not forget that x and q are confined to the punctured plane
R
2˚ „ C˚. So, let us proceed with the change of variables
(A.6) x “ px, θq ÞÑ y “ py, ωq “ x2 “ px2, 2θq , θ P r0, 2πq ñ ω P r0, 4πq .
Thus we deal here with the two sheets of the Riemann surface for the variable y:
(A.7) R1 :“ ty “ py, ωq , 0 ď ω ă 2πu , R2 :“ ty “ py, ωq , 2π ď ω ă 4πu ,
with the cut ty “ ´y , y P R`u. Fromż
R2˚
d2x “
ż `8
0
xdx
ż 2π
0
dθ “ 1
2
ż `8
0
dy
ż 4π
0
dω ,
we derive the decomposition formula
(A.8)
ż
R2˚
d2x “ 1
2
„ż
R1
dy
y
`
ż
R2
dy
y

.
This formula gives a precise sense to the Dirac distribution δ
`
x2 ´ q˘:
(A.9)
ż
R2˚
d2x δ
`
x2 ´ q˘ ϕpxq “ 1
2q
rϕp?qq ` ϕp´?qqs ,
for all test function in some suitable space, e.g. C8 functions on R2˚ which rapidly
decrease at 0 and 8, and where ˘?q are defined for q “ pq, θq, θ P r0, 2πq, as
(A.10)
?
q :“ q1{2
ˇˇˇ
qPR1
“ p?q, θ{2q , ´?q :“ q1{2
ˇˇˇ
qPR2
.
26 JEAN PIERRE GAZEAU, TOMOI KOIDE, AND ROMAIN MURENZI
Eventually, we get from (A.11) a formula relevant to the present paper:
(A.11)
ż
R2˚
d2x δ
´
x´ q
x
¯
ϕpxq “ 1
2
rϕp?qq ` ϕp´?qqs ,
Appendix B. Quantization with 2-D affine Coherent States (ACS) : a
summary
In this appendix, which completes the technical content of [4], we particularize
the general method of 2-D affine covariant integral quantisation to the case when the
quantiser operator is the projector |ψyxψ| on an admissible fiducial vector, defined
by the function (5.1), as it was described in Subsection 5.1.
B.1. Quantization with ACS. Let us implement the integral quantization scheme
described in this paper by restricting the method to the specific case of rank-one
density operator or projector M̟ψ “ |ψy xψ| where ψ is a unit-norm admissible
state, or fiducial vector, or wavelet, i.e., is in L2pR2˚,d2xq XL2
ˆ
R
2˚,
d2x
x2
˙
. We have
from (4.2) and (5.2):
(B.1) Ωpuqp” Ω0puqq “ 2π
u2
ż
R2˚
d2q
q2
ψpqqψ
´q
u
¯
, Ωβp1q “ 2π
ż
R2˚
d2q
q2`β
|ψpqq|2 .
Proposition B.1. With implicit assumptions on the existence of derivatives of ψ
and of their (square) integrability, we have
(B.2) p∇Ωqp1q “ ´2Ωp1q ´ i2π
B
P
Q
ψ|ψ
F
,
(B.3) p∆Ωqp1qq “ 4Ωp1q ` 8iπ
B
P
Q
ψ|ψ
F
´ 2π @P2ψ|ψD ,
which implies for ψ real:
(B.4) 2` Ω
p1qp1q
Ωp1q “ 0 ,
and,
(B.5) 4` 4Ω
p1q
1 p1q
Ωp1q `
Ωp2qp1q
Ωp1q “ ´2πxP
2ψ|ψy .
Proof. For (B.2),
∇u
«
2π
u2
ż
R2˚
d2q
q2
ψpqqψ
´
q
u
¯ff
u“1
“∇u
«
2π
u2
ż
R2˚
d2q
q2
ψpqqψ
´
q
u
¯ff
u“1
“ ´2Ωp1q ´ 2π
ż
R2˚
d2qq´1∇qtψpqquψpqq “ ´2Ωp1q ´ i2π
B
P
Q
ψ|ψ
F
.
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For (B.3),
∇ ¨∇u
«
2π
u2
ż
R2˚
d2q
q2
ψpqqψ
´q
u
¯ff
u“1
(B.6)
“
«ˆ
4
u2
˙
2π
ż
R2˚
d2q
q2
ψpqqψ
´q
u
¯
` 2
ˆ´2u
u4
˙
¨ 2π
ż
R2˚
d2q
q2
ψpqq ´q
˚
u2˚
∇ q
u
ˆ
ψ
´q
u
¯˙
`
` 2π
u2
ż
R2˚
d2q
q2
ψpqq q
2
u6
∇ q
u
¨∇ q
u
ψpq
u
q
ff
u“1
“ 4ˆ 2π
ż
R2˚
d2q
q2
ψpqqψ pqq ` 4ˆ 2π
ż
R2˚
d2qψpqq q
˚
q2
∇qψ pqq`
` 2π
ż
R2˚
d2qψpqq∇q ¨∇qψ pqq
“ 4Ωp1q ` 8iπ
B
P
Q
ψ|ψ
F
´ 2π @P2ψ|ψD .
Note that
A
P
Q
ψ|ψ
E
is purely imaginary and cancels for real ψ. ˝
Therefore, by applying the general formalism, we recover a set of results already
given in previous works, e.g. in [31] in the 1-D affine case, and in [4] in the 2-D case.
As was pointed out after stating the orthogonality relations (3.17), the action of the
UIR operators Upq,pq on ψ produces all affine coherent states, i.e. wavelets, defined
as |q,py “ Upq,pq|ψy. Given a certain function fpq,pq on the phase space, the
corresponding affine coherent state (ACS) quantization reads as
(B.7) f ÞÑ Af “
ż
Γ
fpq,pq|q,pyxq,p|d
2qd2 p
p2πq2c0 ,
which arises from the resolution of the identity
(B.8)
ż
Γ
|q,pyxq,p| d
2qd2p
p2πq2c0 “ I ,
where we adopt for convenience the simplified notations of [31],
(B.9) cβ :“
ż
R2˚
|ψpxq|2 d
2x
x2`β
“ Ωβp1q
2π
.
(B.10) cβν1ν2 :“
ż
R2˚
d2x
x2`β
|ψpxq|2x1ν1x2ν2 “
Ωpβ,ν1,ν2qp1q
2π
, cβ 0 0 ” cβ .
Thus, a necessary condition to have (B.8) true is that c0 ă 8, which implies ψp0q “ 0,
a well-known requirement in wavelet analysis.
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Choosing ψ real, and using equations (B.4) and (B.5) in the quantization formulas
established in Subsection 6.1, one gets easily:
(B.11) Ap “ P , Aqβ “
cβ
c0
Qβ , Aq “ c210
c0
Q.
Whereas Q is essentially self-adjoint, we recall that the operator P is symmetric but
has no self-adjoint extension.
The quantization of the kinetic energy gives
(B.12) Ap2 “ P 2 `KQ´2 , K “ 2πxP 2ψ|ψy ,
We see that a repulsive potential 9 1{Q2 is obtained with strength K ą 0. In a semi-
classical interpretation, this extra centrifugal term prevents the particle to reach the
singular point, whatever the value of its angular momentum [4]. With a suitable
choice of ψ, we can make this coefficient large enough, namely K ě 1 [5, 32, 33], to
make (B.12) an essentially self-adjoint kinetic operator, i.e. no boundary condition
is needed, and then quantum dynamics of the free motion on the punctured plane is
unique. Whilst canonical quantization, based on Weyl-Heisenberg symmetry which
is unnatural in the present case, introduces ambiguity on the quantum level, ACS
quantization with suitable fiducial vector removes this ambiguity.
The quantum states and their dynamics have semi-classical phase space represen-
tations through symbols. For the state |φy the corresponding symbol reads
(B.13) Φpq,pq “ xq,p|φyp2πq2 ,
with the associated probability distribution on phase space given by
(B.14) Υφpq,pq “ 1
2πc0
|xq,p|φy|2.
Having the (energy) eigenstates of some quantum Hamiltonian H at our disposal,
the most natural being in this context the quantized Ah of a classical Hamiltonian
hpq,pq, we can compute the time evolution
(B.15) Υφpq,p, tq :“ 1
2πc0
|xq,p|e´iHt|φy|2 ,
for any state φ.
The map (2.8), yielding lower symbols from classical f reads in the present case:
qfpq,pq “ p2πq2
c0
ż
R2˚
d2q1
q2 q12
ż
R2˚
d2x
ż
R2˚
d2y eippy´xqfˆppq1,y ´ xqˆ
ˆ ψ
ˆ
x
q
˙
ψ
ˆ
x
q1
˙
ψ
ˆ
y
q
˙
ψ
ˆ
y
q1
˙
,
(B.16)
where fˆp stands for the partial inverse Fourier transform introduced in (4.3), and
with implicit hypotheses on f and ψ allowing derivations, Fourier transform and
permutation of integrals allowed by the Fubini theorem.
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For functions f depending on q only, expression (B.16) simplifies to a lower symbol
depending on q only:
(B.17) qfpqq “ p2πq2
c0
ż
R2˚
d2q1
q2 q12
fpq1q
ż
R2˚
d2xψ2
ˆ
x
q
˙
ψ2
ˆ
x
q1
˙
.
For instance, any power of q “
a
q21 ` q22 is transformed into the same power up to a
constant factor
(B.18) qβ ÞÑ|qβ “ cβc´β´2
c0
qβ .
For fpq,pq “ p, we prove that:
(B.19) qp “ p.
For fpq,pq “ p2, we have:
(B.20) qp2 “ p2 ` γ2
q2
, γ2 “ 2 @P 2ψ|ψD .
Another interesting formula in the semi-classical context concerns the Fubini-Study
metric derived from the symbol of total differential d with respect to parameters q
and p affine coherent states,
(B.21) dσpq,pq2 “ }d|q,py}2 ´ |xq,p|d|q,py|2
Choosing a ψ such that c´201 “ 0 gives:
(B.22) |xq,p|d|q,py|2 “ c2´210rq21dp21 ` q22dp22 ` 2q1q2dp1dp2s .
For the squared norm of d|q,py,
dσpq,pq2 “ q´4pA2q21 `B2q22qdq21 ` q´4pB2q21 `A2q22qdq22`(B.23)
` 2q´4ppA2 ´B2qq1q2 `Cpq21 ´ q22qqdq1dq2`
` ppE2 ´ c2´201qq21 ` F 2q22qdp21 ` pF 2q21 ` pE2 ´ c2´201qq22qdp22`
` 2ppE2 ´ F 2 ´ c2´201qq1q2 `Gpq21 ´ q22qqdp1dp2 ,
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where:
A “
ż
R2˚
d2y
y2
py ¨∇yryψpyqsq2 ,(B.24)
B “
ż
R2˚
d2y
y2
py ˆ∇yryψpyqsq2 ,
C “
ż
R2˚
d2y
y2
py ¨∇yryψpyqsq py ˆ∇yryψpyqsq ,
D “
ż
R2˚
d2ypψpyqq2y21 ,
E “
ż
R2˚
d2ypψpyqq2y22 ,
F “
ż
R2˚
d2ypψpyqq2y1y2 .
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